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Basic definitions

Def) d=(di , _ . . .dk ) is a partition of n if
it ,≥ . . . ≥dk >0

,
dit - - - +dr=n .

length of A = l (d) = k = # parts

The Young diagram of it is # ✗= 15.5.27
.

<

A standard Young tableau of shaped is n¥F#
≤

A semistandard Young tableau "

n#(column -strict tableau)

A row-strict tableau " ¥É¥



Robinson - Schensted algorithm

TL : permutation of [m]={1,2, . - -in}
.

I 1- 1
( AQ) : pair of SYTS of size n and of same shape

Rs P Q
ex) I.= 415632 126 134

3 5 25

4 6
* insertion algorithm

p : 0<-4 4<-1 14<-5 15<-6 156<-3 136<-2 126

4 4 45 35

4☐Q : 0 1 1 13 134 274 1,74



Consequences of Rs algorithm
Rs

• If I (P,Q) , then Ti
'
(Q , P)

.

Rs
• TL : involutions of [n] <→ SYTS of size n. (RP)

.

(TIZ-_ id)

• F- (26 ) (34)
Rs

125
.
.IT

3
1 23 4 5 6 4

11 6

( ^ 2
3 4 5 6)

1 6 4 3 52

involution matching



SYTS with bounded height .

Def) 54Th = set of SYTS of size n .

ht=3 {¥#ʰ
SY-1inch) = { TESYTN : htt ≤ h }

Itt tows .

end
. ISYTN (2) f- (Inn)
§YTn (3) /= # Motzktn paths of length n .

/SYTN (4) f- CLn¥jCsn¥→ ,
Cn=n÷(%) = nth Catalan

number
.

Thm_ ( Gessel . 1990)

¥ /SYTN (2h-11) /% = exp (4) def /I_it; too - Iitj (2×7)!;= ,
IgG>c) = z x2l
l≥o l ! (1+121)-1

(Modified Bessel function ]
.



Properties of Rs- algorithm

① If I# CP,Q) , then Ti
'# (Q , P)

.

② Max length of decreasing subsequence of Te = ht (P)
.

③ " increasing a = width (P)

Rs P Q
ex) I.= 4156327 1267 13417

3 5 25

Max dec 432 4 6

Max Tnc 4567



Consequences of Rs algorithm

Rs
TL : involutions of [n] SYTS of size n. (RP)

.

( IT? id)

F- (2b ) (34)
Rs

125
◦
a.IT

3
1 23 4 5 6 4

11 6

( ^ 2
3 45 6)

1 6 4 3 52
in w un -

RS
involutions of [n] SYTS of size m

with no k- nesting with height < 2k

AMY <→ decseq of

length 2k



r -noncrossing and s- nonnesting involutions

Def) An involution TL is r- noncrossing if it has no [a s -nonnesting a

NCNNN Cris) = set of r-noncrossing and s-nonnestihg
involutions of Cm]

Thin ( Chen , Deng , Du , Stanley, Yan . 2009)

# NCNNN Cris) = # NCNNN (sit) .

In particular,
# R-non crossing involutions of [n]

= # b-nonnesting "
.



4- SYTS of size n with height ≤ 2k-11
RS
= # (k-11) - nonnesting involutions of in]

CDDSY
= # (k-11) - noncrossing "

By taking transpose ,
# SYTS of size n with height ≤zk+,

2kt (!" |É
= -4 SYTS of size n with width ≤2kt

Question
# SYTS of size n with height ≤ 2h-11 and width ≤2W-11

# ( h-11) - nonnesting and (Wtt )-noncrossing involutions
of [n]



Def) (Weh) - cylindric SYT is an SYT T such that

① width of T ≤ w

② C-

~

← also increases along each row
& column .

Valid skew shape ±:*
☒

hÑFf
is (3/3)- cylindric SYT : ¥hÉ⇒

176ftBut not (3,2) -cylindric : {gF¥g



Let CSYTN ( Wsh ) = { (Witi) -cylindric SYTS of size n }

-11m ( Huh , Kim . Kraltenthaler, Okada)

# CSYTn(2W-11,2h-11) = # NCNNN ( w-11 , h-11 )

ex) n=4, h=1 , w=1 .

There are 2 SYTS not counted in LHS : 1234 1
2

&
a 2 involutions " KHS :

◦A #
1 2 3 4 1 23 4

Open Problem : Find a bijective proof .



Originallllotivation
Def) Motzktn path Def) Triangle lattice of size k

steps :

•

TM [ height = 2 %÷*÷⇐Thm(Mottimer&P#berg25)

* Motzkin paths of length on with height ≤ h (without horizontal steps of height h)

= # lattice walks of length n from 0 in 02h-11 ( 02h )

ed n=3
,
h=1 *

_ it . / →→→ .-E.I



Motzkin path ht≤ h paths in zh+s
✗↑
→

→
→ : add a cell in lol I

n≥-1.1-1-1
↑ : a 2

↑ IÉ ← : " s

v
→I

involution
∅ - ☐ - ☒

-

☒ - ☒
-

☒
- -

EP
of

•
of $ ☆

. at ☒

I
. I

no 2- crossing 1 36

no (h-11 )- nesting
25 (3,24-11) -cylindric SYT
4
7

✗ A
✗ ✗ ¥-1



Mortimer & Pnellberg's result is equivalent to

NCNNn(2 , ht1) = CSYTN (3,2h-11)

# 2-honchossing # (3,2h -11) -cylindric SYTS of size n .

Cuts) -nonnesting
involutions on {1, _ . .in}

This is a special case of our theorem :

Thin ( Huh , Kim ,
Kraltenthaler

,
Okada)

NCNNM (w -11,41) = CSYTN (2*1,24+1)
.

Note : Courtiel , Elvey price , Marcovici found a bijective proof of M -P result.



Tim ( Huh , Kim . Kraltenthaler, Okada)

# CSYTN (2W-11,2h -11) = # NCNNN ( w -11, h -11 ) .

Ideaoftsoof

① Express each side as # lattice walks

② Express # lattice walks using determinants

③ Prove det = det
.



* Lattice walks for CSYTN (2W-11,2h -11) .

CSYT T# ∅ - ☐ - ☒ -171-1-1*7 - 1-1-11

(010,0) - (110,0) - (210,0)- (3,0/0)-(3,1/0) - (3/2,0)

a walk in the region { 64,212,23) : ✗ incr≥>↳704

with step set E
,
-11,907 , Ez-40,110) , E.3--6,0 / 1) .

Under this correspondence

CSYTN ( 2W -11,2h-11 ) walks from 0 of length m in

{ (Hy - - - ikzhtl) : 24≥ - - - ≥Xzh+i≥0,

24 - Xzh+1≤ 2W-11 }
= { 64, _ . -. Kzinti) : Xi≥ - - - ≥Kzinti ≥K,-2W-1 }

.

Ga /core of affine Weyl group of type Ñzh



Def) A vacillating tableau is a sequence of partitions

4 = do , i
"? . . . . Ñ=∅ such that

and Hit" differ by at most one cell .

en o - ☐ - ☒ - ☐ -

☐
-

☐
-

☒ -☒ - ☐ - ∅

Prof involutions on [n] vacillating tableaux
of length n

NCNNNCW -11 , h-11) "

with every partition
contained in h



ex)

,

1 2 3 4 5 6 17

∅ - ① - ⑤
-

tf
-

☒
- - ② - ∅

∅- ☐ - ☐
- -

☐
-☐ - ☐ - ∅

◦ Proceed from right to left .

° In vertex e-
, if g. then Ali) = With

it
,

then Ali> = Hit'>← j

if
÷? then Ali> = Nit" - {i }

.



vacillating tableaux
of length nNCNNNCW-11 , h -11)

with every partition
contained in h

lattice walks from 0 to 0 of length n

in region { coli, . . _ pen) : w≥xi≥ - - . ≥xn≥o}

with step set {±Ei}u{o}#
alcove of

affine Wey/ group of type In



Filaseta (19857 computed # lattice walks in alcove of affine Weyl groups .

Applying Filaseta's result , we get
h

/ CSYTncw.tn) / = E E
ith ki -+kin-_on

! dᵈt((di-i+jhki)ij=I
× , -in≤w ki, . . .,knEZ

and

I /NCNNnlw-ii.hn) / I
n≥o n !

= explx) I
det ( I

- i-j-czh-zw-zk.tk)
- Iitjtczhtzwtzki (2×1);,

ki, . . ._KNEE

where Iplzx)=¥◦%,%+_µ , (Modified Bessel ftn)
.



So , to prove our theorem

/ CSYTN (2W-11,2h-11) / = / NCNNncwtl.hu) /

it suffices to prove

-2 E xndet#-)
"

d:X , -in≤w ki
-+kin-0 (di - i-j-lwthkii.it

Ky . . .,knEZ

= explx) I
det ( I

- i-j-czh-zw-zk.tk)
- Iitjtczhtzwtzki (2×1);,

ki, . . ._KNEE
we will show a symmetric function generalization of this .



Def) Schur function Red SSYT

,!g
Si = I
7-554T¢,

21*1%4*2's . . .

ex) 11--6.17 1T¥ EH 1¥11 . - - + L# + ☒- + . . .

Sa = XFxz -174%2+24313-1 - - - t rxixixzt Hibiki - - -

Note : [24×2 - . - an] Sd = # SYTCA) , where ldl=n
.

In the above example [3442×3] Sez, 1) = 2



Thm (Jacobi -Trudi Formula) d
'
: transpose ofd

If ✗=Cd, , . . . .dk )
,
then " tf

s×=det( hai - it;)?;=i .
•

"YES,i=det(eai-i-jij-i.IM(Gordon- Bender-Knuth . 1992)

I
led)≤zm+,

"' = ⇐ erdet /f-it;- fit;) ,?= ,
E
l(d)≤zm

%' = detlf-i-j-fi-j-di.fi ,

where fk= % en en-1k
.



Def) A row- strict tableau is m# . ( transpose of SSYT)
.

Def) (wir)- cylindric RST is an RST T such that

C

width≤w and

µ

← This is also an RST.

Def) CRST, ( Weh
) = { T : Cwih) -cylindric RST of shaped}

Tim ( Jacobi -Trudi for cylindric Schur ftn)

I ✗
+
= I det (edi- itjtchtwki ) !;= ,kit . _ •+kh=0

TECRST.tw ,h) ki, - - skin C-I

Pf) Follows from Gessel- Kraltenthalet 1997 .



Tim (Gordon- Bender
-Knuth

. 19927

h
I X-p =¥◦erdet(f-it;- fitj)i;= ,

TERST(2h-11)

h

I
TERSTCZH)

"T
= detlf-i-j-fi-j-di.jp

where fk= % en en-1k
.

Thin ( Affine Gordon-Bender
-Knuth)

-

[ IT = Ek Edltlf-i-j-cw-zh-Dki-fi-j-lw-zh-DK.fi?;=,TECRST(w,2h-l) ki, . . ..kñEZ

I xp = I fit
""'+khdet(f-i-j-cw-zhki-fi-j-cw-zhlkiI.it

TECRSTCW / 2h) ki, - i.KNEE



CI

① # CSYTNCZW-11,2h-11) = t-NCNNncw-1.tn-11)

② # CSYTN (2W-11,2h ) = # NCNNNCWH , hit )

③ # CSYTN (2W , 2h-11 ) = # NCNNNCW-1£
,
htt )

④ # CSYTN (2W , 2h ) = I

MENCNNricay.mg/-DfixfM).(h+1-z)-nonnesting
⇔ no AM
I

fixed pt.

If w=l , then ① ,② reduce to Mortimer - Prellberg result .



If W =L , then ③ ,④ become

⇐
③ # Dyck prefixes of length on with height ≤ 2h-11

= # Motzkin paths of length n with height ≤ h

and every horizontal step is on x-axis .

④ # Dyck prefixes of length on with height ≤ 2h

= # Motzkin paths of length n with height ≤ h

and every horizontal step is on x-axis .

s-t.tn#W+nere is a Dyck prefix◦- from ht 0 to wth .

-

even # horizontal steps

we found bijective proofs using recent results of Gu
- Prod ingen

and Dershowitz .



Thank You

for your attention !


