
Introduction to orthogonal polynomials. We knows csno is a polynomial in
COSO.

Prerequisites:Calculus, Linear Algebra e.g. n=1. cosnO = cos0 + T,(x)=x

Discrete Math.
n=2 COS28 = 20050-1 + Te(x)

- =2x-1..

In calculus, we know =>> cosnO= Tn(coso)
2COsmOcosmO= cos(m+r) 0 To(X) =1.

+ cos (m-n>0.
(m,n:nonnegative integers).

Tr(x) =x

Ta(x) =2x-1

"cosmocsnOdO=0 (if men). T3(x =4x-3x)
-

->dueOrthogonal
(0,π.



Recall V:inner prod space with"cosmocsndO=0 (if m=n). -

innue prod <, 7.

let e = cosO. 4,, Uz, .... Un EU are athogand

↳ SYTu(x)Tnedx=0 (men).
if (UI, 457=0 if itj.

->V
=R(x) =

space ofpolynomials
with real coeks.

->> [Tn/xIngo is orthogonal
(fexy,g(x =S. fix9*&X.

with respect to weight function

ye
Tulx):Tchebyshev polynomials.



Def) Suppose wix is nonnegative and There is another way to study OPS.

integrable on (a, b) With ("WixdX >0. Fora poly fex), let

and SeYwIN.da2<4. for all m >o. 2(f(x)=1dfexwixdec..
Asequence ofpolynomials [Pn(X)Ynx,0

Then 1(f(x) is completelydetermined by

is an orthogonal polynomial sequence
the monts Mr-Iswaxdes

-

COPS) w.r.t.rection w(x) e.g. (45+ex)WINdX
Calso called mre)

if followingholds
=Swixdxtzfwexidy

① degPnix) =n for all m30.
= Mat 2M,

② SaPu(x)PmIXwIXdes=0 if entr.

Note: (af(x)w(*dXT0 Iffex poly, fex30,
MOMM,,N2...: momentseq.



ex) (Charlier paly).
Deft Let 2 be a linear functional

The Charlier polynomial Pr(y) one defined by
defined on the space of polynomials in x2.

(R(x), GCY).) Pa()are
binomial

[PnIX)Enco is an OPS w.rt. I if

n(x =(4) = in -x! coeff.
① degPn(X =, nx,0,

& 2(Pn(X) F0, n >0 #was to select Kelts from 1,....n7

③ 2(Pm(XPn(x) =0 , m+n. (2) =xcx-1) ...(X-k+1)
:poly in X-

k! deg b.
RackThe moments of Tchebysher paly
un=1_,dX=San?")it never (1+x* =E()e.

o if n odd



Prix=(i)e ->Zac
k40

The generating function for Pu(x) is - actwila (1+2)Cetr))
-Ze

G(x,w) = n PnCX)I k k!

=(E)en wh
k+ V

= -actw). ea(1tr)(1+w)_eatww)
n-- k -> m

-n (m)withwi
=ed.eq(uw)_ eaza

R70

c -qw

=(1+w) e

=> G(x,vG(x,w) == a(r +2)(a(1+r)(1+w)



=ar)G(k,w) = eak - [PnC3:OPS w.r.t. 2.

k40 k!

on the other hand, Note It'spossible toexpress we
LHS= -m Pm(K) Pulk)~r

2(fex)=/fexidy(x) (Rige)
-x((m(K) Pr(k))~" e(x):step fumation with jump

if mth
of magnitute a/k!

=> Pm(KPrCK)-Geaifm=h. for each 1=0,1,3,....

n

If we define a linear functional

2 by 2(f(x)= ,f(k)K!


