
Im (Cauchy-Binet Thm). w(Ai , Bj)= Mij ,
w(Bi , (j) = Nij

M : nx1 matrix Let = (ii) be given by
N : exn matrix .

Lij = I w(p)
= det(MN) p=P(Ai+ (i)

l

[M]<n]
,I
[N]
J , Ens =E,

w(Ai
,
Bx) w(BK,(i)-je)

- Mix Nij=(MN) is
-

PA) let G be the directed graph

V
= SA, , - .., An ,

B , ..., Be ,
C .... [n] Let A = (A , , . . .

. An)

A ,
·

Ai An c = (C, . . . .
(n)

.

.....
↳

By LGV lem ,

BI mist Bj Br Be defl= I sqn (IP)W(IP)
O ⑧ W

I
,
E ... In 1P-NI(A+ 13)

/Nus
06 O ⑧

C, ---
Cs Cu



Every p= (p , , . . . Pn) = NICA+B)
is of this form

Pi= (Ai
, BIeCoci) .

w= py c p
=wil

I = (I,?. . In) =(C)
=> sqn(p)

=

sqn (8) .

det1= I
=

I squ(r) w(Ai , BIen)W(Btei) , (wil)
I=(C) eSneeSn

- sqn(pe)Wit , Brei)w(Iecis
,
Speci

= sgn(e)w(A=,Iecis) Esqn2w(Bei weyisi= 1
ne P

- i
Mi

,It iT
me

, m[N]1
,
<n>
NI

:, wis I



$7. 3 . Hankel determinants The determinant

of moments
.

Let [Pnx3nxo be a monic (n= [H] 0
, . . . .
n4

,
50, . . . .n3

Ops with moments Mn S .t.

=det (Mitz) : =0

Putt = CX-bul Pn-XnPn-1
.

-det MoM .... un

beft the ematrix H I My Me ... Mutt Iof 9Mnnxo is .

Un Mutt
... Man

H = (Mit:) i=0

=

Mr, be
e. e

I
MitjeM(10 ,) + (itj ,x(+

<P

I
...

i



A = (A . . . .An)0

B = (Bo
,
..., Br) .

g t t-> ↳I I ⑧
7 D

↳↳-
~ Bu --

NICA-B) has a unique elt . IP

↳ Sqn = 1
,
nt = XYx=

-...
wo (p) .

Mitj=pautz (Ai + Bj) Thu
Un= X , x!

t ... in-

By LGV ,

Un= det (Mij)* = = Sn (p)W+(P) .

IPGNE( A+ B)



Define By LGV
,

Wh=(Hso
, ...,
n2

,
o

, . . .,
n - 1

,nti
= I 99n (p) Wt<p) .

↑ NI(A+B

- det (Mij) i =0
.

bu in

but

Mij=Mitj if I< -it-Min=Mitht . -i-A = (Ao... .
An) 2 bo

⑧

B = (Bo
,
.... Bu) it# . Ho B-

i

, is is
:
'

Ai = (- i , 0)
.

There are n+1 elts in NICA-B1
.

with sqn
= 1 nts = nbK

Bi = (i + &n
, i ,
0) .

okEn
.

=> In = det (Mij)-



Im = & n (bot ... + bu) .

Cor An=

Sn= xixt ... but t
On r [Mn3 :

a seq of numbers .

X ,
... n=

--

Un-1
I Ops with moments Mn

=>

An= ( ) > InFO Fn>o
.

PA) Recall SPnYOpS XnFO .

-a
e ()) Pr OPS -> Anto -OnFO .

(E) Define In
,
by using Cor·

bot...+ bu = A Define In using In ,
bu

.

↓n
- moment of Pn=Mn . I :

/

but I- On-1
-

Wn-



Mo 0 M2 0 M4W W E
Now suppose bu= 0

.

Un
.

Ox= det E #I 0 Me ⑧ My 0 Ibu= 0 M2 0 M4 O MReall Ment =0
. E E E

O M4 ⑧ Mo 0
Mo M2

W EW In O Mo ⑧ 18Xs= det ILe ex I W E E
M2 M2s
I Ma
E
Mo

- det (iY "'s] det(-i!)
M4 MoM8

-det(i) In general

· det (** ) .

-2n= Yn(z) &n! (2)

Want = &n (2)On (2) .

let Wn(z) = det (Maitzi)
j=0

↳(2) = det (Meitijtz):j=



Since bu=0
, Wn12 = < san(IP) W+(IP) .

PeNI(A +BY

Man -pyckW+(P) = ( ,
xz)"(x3xx)... (an - an

Let A = (Ao
,
.... An)

B = (Bo
, . . .

Bu)

--i is
in

Ai= (-2i ,0) ,
B

=
(2i , 0)

.

x3-:↳2 x xs-i
N2

xI

Meitej= Z
w+(p) ⑧

Bp=Dyck (Ai+Bj) x As is z

By LGV .

Wn(z)
= det (Mzitzy)Y



Since bu=0
, whi = E san(IP) W+(IP) .

I
PeNI(A +BY

Man -pyckW+(P) =

* (x2x)"(x4x) ... (sendant

Let A = (Ao
,
.... An) xx0x5

B = (Bt
, . . .

Bu) X5
I I

---
"

...xe x4x--.Ai= (-2i ,0) , B (zi +2
,0) 13 x3

12 x2-"XI xiI- x , x2
⑥ L-NMeitzitz= I w+(p) R a V R

=Dyck (Ai+BI) As Az Al As 13 B BE st

By LGV .

t
Ln(2)

= det (Meitzj+2)-



If bu=0 for all nx o

then

Dan-Wnrc? ,
Dante ! ene

If
s = xixy ... anti. -Race ...

en


