
A Sign-Reversing Involutions ex) -(2) =0.
E1,2, . . . ,3.

bef) Asign of a set X is a function

syn:X-+ 4+1,-17. Aeversing PA) let X be the setof all subsets of Chi.
involution on X is an involution 0: X- X For AEX, define sqn(A)=(-1)'A1.
-

such that We want tofind a s.r.i. on X with no fixed pts.
① sqn(d()=-sqn() for all eeX) Fix(%).
② sqn(x) = 1 forall x=Fix(4). ↳(A)=H= (k).

where Fix(P) =3x= X:0(x)=<27.
For AGX, define &(A) = A WS13.

If o is a sign-reversing involution on X, (AUB =AUB]-(AnB)7 A,
B

L3L /Oki!
x 9(x)

=1 Fix 10)1.
q(A)=A- 313 =A151 if A

C k,
SAUS. If 1A

+1.·x. =>> o is a s.r.l. on X with no fixed points.+/
ao

B--!Fix %⑧



1., 2, . . . .
N

&e. PmIkiPuCK) a=Inm ↳ a-j:
-

Pules) =(e) . C
4) LHS of * For (A,B,CEX, define sqn(A,B,C=(BHxAl

EnsI am"catee
LofEx=Hey 9 (A, B,c.

A

⑪0B ② ③=5 * it h=! (mi) (n) ①0.⑧ ④

Here, (3) =0 If sco.

Fix N.
IBAICAL.

For (A,B,27 GX, define o (A,B,C) as follows.

() case1:All regions I,8,8,4 One empty.⑭..=N+
*(i,,n)(mi) (ni) =

, ex 3 & (A,B,C) =(A,B,C).
-

case. At least of of1,2,1, is nonempty.
-

X= Setof triples (A,B,C) S.t. AUBUC=[N]
let s be the smallest elt in 1,2,3,4.

1A1=K, 1B1=m, ICEU, (BMC)A-6.



Thus I is a sign-reversing involution on X.

GA SqnCA,B,2] Exp =[(A,B,c) =X:B =C /AY.
B ②

⑪
③

=()BA+ ICA)① = cqn(AB,c) =(Fixg) =(n) Omin0. II
⑧ ④ [A,B,CEX

For (A,B,27 GX, define o (A,B,C) as follows.
IfB=CCA, then AUBUC=A= [NJ.

case1:All regions I,8,8,4 One empty.
-

& (A,B,C) =(A,B,C).
This can happen only if m =n.

case. At least of of1,2,1, is nonempty. IB, icl.
-

let s be the smallest elt in 1,2,3,4. If m
=m, (Ex61 =(M).

If SeO:moves to -Nen!
② ⒔ Therefore,

③ ⑭ Pulk)PuCkI=Omin(n)④ ③

Let As',c'l be the resulting sets. - Omin-Define P (A,B, C) =(A, B',C.

sqn(A,B, c)=(-1)
/BA+ 19 Al.

->

- -DB''All

=-sqn(A'B',c.


