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The moment functional and orthogonality Def) 2 : a lin functional on KCTC)
.

D[X] = the space of polynomials inc2 9PnIXYnso is an orthogonal polynomial
with coefs in K .

Sequence (OPS] Wirt . 2 ifA b functional on &[x] is a map
① des Pub = n Enjo for some .

2 : KK] -> K such that
8 h(Pm(X)Pn(X) = KnOmin ,

Ykn 0
h(af(x+by() = ah(fex)+b2(g(x))
for all fexzg(x)G4K2 , a , be K

.

we say <Pn(x) is ourmal if

2(Pm(X) Pn(X) = Omn
.Def) (Mn3n>o : seq of complex num .

2 : the lin . functional . on KCSI .
defined by 2(e(n) =Mn .

From now on , we will always assume

We say that I is the mructional
deg Prix) = m .

determined by moment seq &MnY ·

Mn is called the mth moment of 2
.

-



Im [Px3 is a seg of poly.
② : Just take TIX) = xM

.

2 : It functional
,

③ : Easy ! I

TFAE .

① [PnCX7 OPS for 1 .

Im Suppose 2Pn(X3 : OPS for L .

& 2(TG)Pu(x))= 0 if deg TT(X) <n and T(X) :

poly of degn .

N
Fo if deg TCX)=n .

③ 2( Pn()-Kndmin
,
om=n

xcx = =E arPuLX) , ax=
for some kn FO .

PA) Multiply both sides by Pi(x)
and take 2 .

4) *-& : suppose deg(X) = n .

T(X) = 9kPIX) .
2(π(x)P,x) = E an 1 (PaxPj(x) .

=as LLPj(XY.
2(k(xPn(x)) = 2EarPuixPnCx)

->

aj =
P; (x)

- AR 2 (P1xPu(x))
. 2(Py(XY) . B

.

= ankn /kn Fob
.

↳ zero if desDx <n
nonzow if /l =n .



Ne If (PuIY is OPS for 2
hm

.

[pu7 : OPS for 2 .

=>

Prix is uniquely determined by 2
then ScnPuLx} -

up to a nonzer scalar mult. (anto)
.

More precisely , if [Qn(x3 is Ops
we can always find a monic OPs for 1

.

-

for 1
,
then Qu(x = cuPu(X) leading coelt=1 .

for some In FO .

In fact
, I unique monic Ops for 1 .

Pf) let QuCx= *<Pax) . Also
,
I orthornormal OPS for 2

.

by letting prix)=-=>

C = One 2[Pa(x2)
I

↳ zero if kan Cor Suppose h is a lin .
ful with some OPS

·

and nonzow if ken . let [Kning be a seg of nonzer numbers .
= Qux)= cuPu(X) . D

-

① I unique monic Ops for L .

Note : If [PuIY is OPS fee to then
② I OPS [Pulxls sit

it is also OPS for L'= ch (0) leading coeft of Pn(x) =Kn .- ③I unique Ops [pncx) for 1 SitSo we may assume 2(1)=1 .

& (x"Pu(x)) = Kn .



Se .3
. Existence of OPS,

let Pn(x) = an,neck

Q : For what I does there Mult e both sides and take 2
.

exist OPS ? 2(x Pn(x)) = ankMmtk. Kudmin .

Deft the determinant of we want to find crik sit . hold .

a moment sequence [Mubuxo is

↳ = det (Mit), Y =/: is- )(c)= /.i; .... : I I ;
Mn Muts -

-Man
I unique sol in Cak

Im 2 : (in
. ful with moment seg [MnY· * UnFO . Yo ,

Ther is ODS for I iff OnFO UnDo .

PA Fix a seg of nonzer numbers kn
.

We can solve the mat eq .

n,0
.

By Cor, if IOPS for 1, using cramer's rule
.

there is a unique [PuIXYOPS for 2
st

. 2(x Pn(x)) = Kn
.
Omin Chintht to

for OCMEn .

=>

deg Pu(x) = n (if nto) . D
.



em EPn(x7 : OPS for 2 . Thin 2 : In fful with man &Mn4
.

-

T(X) has deg n . Suppose InFO Fro .

= L(π ,xprex) =b
=> The monic ODS for I is

Mo M I
... Mn

a = leading coef) of (x) Pn(X)=
↓ MIM2 ... Mnt

b = ' Pn2X7 . Dat ; .... :

MrMn -.Men-In particular , if 2PnIY is I
& es ... an

I
moniz

, 2(Pnx)=# PA This can be done using Cramer's rule .

PA
.

We know from proof prew thin ,
Alternatively, it's sufficientto show

b = Cnin= Ant kn=) h(xPn(X) = Omin Kn CKuFo , m=n]C II
Un

Let T(x= acc (an =a) satlanti)-)
:

"Ik=0

L(π(xPn(x))= Ear 2(x*pn(x) MmMme - --

= an 1(x" Pnix))=AnKn= a s =St
,

man (two identical rows
if m= n . D .



In many cases , there is a weight m If his pos-def,

function wex sit . then = real ODS for 1 .

20) = SwxdX.

PA
.

First let's prove MntR .

Since I pos-def, Man=h(x4) >0 .

More generally, I a measure I 2(GH1(M ) >0 = Man-EIR . (by ind).
(4 : non-decreasing) Let's construct , real UPS [Pn(2 .

Let Po (X) = 1 . GIR[X] .2(xn) = S dr(x) Suppose Poly , .... Pul have been constructed

Fact : Such an expression exists
(This means 2(P:Pj) = 0 unless it j , ij=n)

if 2(T(X)) >0 for every
let Patix = xn+ + akPm(X).....

*⑭st . x)50 FER We want : 2[PmPuti) =0 if men
.

(T(x E0)
.

Mult Pm and take h
.
in A

.

bef)
.

A linen functional I is 2[Pm(X)Pat(x)) = 2(e<Pm(x2)

-ite-definite if A holds
.

+ Am 2(Pm(x2)
.

This will be zer if am=-tyus



by defining am in this way

we Set Pn+i(X) GIR/X)

and <Po ..... Patty real OPS ,

We one done by ind . D
.


