
Ihm (Favard's thm) . we will prove this by induction on te.

2Pn(x)Y : seg of monic poly .

If k=0
, 2(Pn(x)

= On
, o true!

let 11 . suppose claim is true for k-1.

Ihs.t . EPnIXY is OPS for 2 consider n,k .

* Multiply eckt both sides of 3-term rea.
Pati(X)= (x-bu) Pu/X) - In Pa-(X)

for some bu
,
In with InFO .

=> PuIX)=Pat(x)+buePnIX+ucEPat
.

PA (E)7 : We have already done .

2(ePu(x) = 0 + 0+Xn2(xkp-(x))
(E) If there is such I ,

= An dn, X .... Ant
we must have 2[Pn(X)) =0

,
n< 1 . - True far to

Therefore I is uniquely determined by claim is proved by induction . D
.

* 2(Pu(X)=Ono
,

nxo Note I is pos-def if Xn>0 .

So we define a linful byA .

-

Enough to show for ochen

claim : 2(eckPulX)) = OkinX ... Xn .



Se . 5 .
Christoffel-Darboux identifies subtract :

and zeros of othogonal polynomials Pati (x) Pnly) - Pat (y)Pn(X)

= (x-y)PnIX)PnCy) + An (PaCXPar(y) - Paly)Pr-I(x)
Am

.

(Christoffel - Barboux identifies

[PnITY : poly satisfying Let fa= Pati (x) Pnly) - Pati (y)Pn(X) .

(7yPk(X)Pily) = fk- Xfk
.

(f1 =0)
.

& : Puti(X)= (x-bu)Pu(X)-XnPun
(Anto)

.

Divide by N-- . xK(x-4)

①Pxy) = (y)-Pn+(Y)PaC

P =
=

-

EX . ... n (x-y7.
y -- -xk (X-4)

② =-Patience i
summing over keo...., we get ⑪ .

X .... An . write I as

PA Multiply Pnly) to &. ~bee Pu(X)Er
Pn+(x)Pn/y)= (x-bn) PnCX)PuCy)-An PrCyPa(X) -A-Pati(Y)PnCY)+ PatlutiCY)
Interchange x1, Y : X -- xn(X-4)

Pat (y) Pn(x) = /y-bu) Pu(X)PuCY)- AnPn(XPa-Cy)./ Taking lin we get :

y X I



tem 2 : positive- definite (in fiul
with monic ODS [PnLY

.

->

PuIX) has in distinct real roots
An

PA
.

Since 2(Pu(X)) = 0 ,

Pn(x) must have a root of odd
multiplicity .

S: otherwise B(x)>0 · FX .

-> 2(Pu(X)) >0 , contradiction].real
Vlet ely.... be the distinct zeros .

of Pn(x) with odd multi
Then

2 ((x-x,) ... (-Xx) Pn(x)) > 0
e

deg k

By orthogonality R=N .

-> Pulx) has i districts . I .

real :



y =P2x).
m

.

2 :

positive- definite (in find

%
. ⑧

with monic ODS [PnLXY
.

en,

-->

PuIX) has in distinct real roots * Senty state e
-Xu

,n<eln ,nt< ... Kni A I I
I I d

with interlacing property / /
Ph(Xn,>0

Puttintl<On in <flatt , n <DIn ,nt<---

Lnt1 ,2< In, <Patt, 1. sign of Prcynis)=12-1
PA By C-Did & with =e2nis "Pat(Xny)

= HT

-osCensnleinig)- PuttingP((ni
X-.. Xn .

E one loot in [eLn ,+1 , xncy) (j=1 .. -A1)
->

Pati(elnis) has the opposite Since limPuti(X)= x /
sign of Pn(Xnij) : X+& n+1

lim Put, (x) = (1) x0
X--

=> interlacing ! D
.



We will focus on
These one 2 ways to study Op .

combinatories of OP .

① general theory ·

② special ⑧P ,

Han moments comb obj .

We review
Hermite Man=(2n1)!! perfect matchings

Charlier Mn= setpartitions
basics of combinatorics Laguerre un = n ! permutations,

generating functions
formal power series ,

Dycl paths , Motzkin paths ,

matchings , set partitions
permutations ,


