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. Dyck paths and Motzkin paths

3 IYDeft A path from u to e
2

-(Deis a sequence (ro , , . ... Un7 S

·
of points in 1x& -- is a
with No=U

, Un=V .

Each pair CV= ,Viti) is called Pyck(u-v) = set of all Dyck paths
a step

from U to ~
.

--

sometimes (Vi ,Vit = Vitt- V: Dycken = Dyck (( ,0) + (2n ,0)) .
-
EXE

.identify Q : /Pyckn)=?
Def) A Apath is a lattice path

consisting of eps (1 , 1)
and down steps (1 , -1)
-

staying weakly above el-axis .



Let Ca=/Dycken/ . (IN=1at it --- -
= 1 +x+ 2x+5t ...

- ((X) = I wt(x)
TEDyck
-

(010] to (21 , 0)

xx1 = &+ onee e

all Ryck paths from

for nexo

wt(T)=
#down steps ina) ↓ W

= 1 + ((X) . c · ((X) ·

((x) =
·
S

jo d => x- C + 1 = 0 .

obs -2
x2 D 1N4X

(x) =-
- : correct

· ob ex sign .

si x c const torm = <107 I t
- - 11

3 I
... 12



(x) = x4X
Binialtha

citc
*
= (m) ca

-= (1-xx)
-(a-ti

1-4X

- () z4x
=

(x)= (ot
II

=

- ... (-) 44"x"
Elnykm* (m) ac

n !

1 . 3 .... cn) nxx ->/pyckm)- in (=)
.

= 1 - I

n! 2-nx 1 &
(n1)!

= 1- ! 2x
U

M
=1 - 2. /*) I es



w= 3

The number TS &: AAABBB
, AARABB ...

Cr = (-)
. · Y

Co , C ....

= 1 , 1 ,2 , 5 , 14,42, 132 ,429, ... *
Stanley collected >200

"Catalan objects". ④Y !Some Catalan objects .

①byck paths of len 2n Prop If nx/
② ballet seg .

of len 20
-

n-1

(n= = CrCm+-k (C = 1)
⑧ triangulation of (n+2) -you R=0

⑩ plane binary trees with 21 = Co-C = 1 C = CzCo+C,C ,

in vertices . Cz = C , Co+ C. (1 = 2
+CoCL

=> 2+ 1+2 =5 -



Def) AMpath is Ap /Motznl= a) si
a lattice path consisting of

up steps (1 , 17 -
down" (1 , - 1) 2 Dyck Motz .

horizontal (1 , 0) - · I--
staying weakly above Xaxis. 2
X

I up /Motzn/a-san
2x

o, Pf) let LH S= M(X) .

a

M = D I t ·
re
e· -

Motz(n+r) = the set of ↓ d ↓ it it itall Motzkin paths 1 c M
from U to er ,

M= 1+ x M+ x2MP .

Motzn = Motz (( , 0)+ (n ,0)) ·



S3.3 .
Set pentitions and matchings . A set partition of (m) = 91 , . . .

. n4

Def) A set partition of a set X can be visualied
.

-

is a collection it= [By .... BKY
e . g . i= (51 ,3 , 5, 63 , [2 , 74 .

544)
of subsets of X satisfying -⑦ Bit$ Fi m

O ⒗ o ⑧

② BiBj = Fitj 1234567
③ B , u --uBK= X

. Hef Tn= set of all set partitions
Each Bi is called a block of [n]

.

-

B X Ho= [03
.T...I Deft . Mr , Set of all set partitions
of (n) with te blocks .

Deft The Stirling number of 2nd Kind
-

is S(n ,k)=/ Tn ,k1 .



ex S(0 , k) = &K
,
0 callI Sn3GK .

-

S(m , 0)
= On

, o
[ with i deleted) & Tn-1,

S(n
, n) = 1

-> K . S(nt , x) possible

S(n , k)
= 0 if k>M

such set partitions. 1
.

p S(m ,=E*

-(in
op For nikeI , Pf) # onto functions + :

(n]+ [ k]

S(n , k)
= S(n+1 , k+)+ kS(n-1,k)

= b ! S(n ,k)

↳Pf) ite Anik
& by principle of

as [M}ET .

inclusion &exclusion: = k( -:)) in-> I with his removed o
- Yn+

, K7 , D
.

-> Sant,



Def) A fallfactorial
is

O

N

⒕(e)):= x(x2) ... (x- n+1) LuO
-RD S(n , k) (b) = x

.

bef) A matting on a set X is a set

PA) We may assume e2 is a Partition of X with blocks of size 1 or 2 .

A block of size I is called a fixed point-positive integer ,
29 2 an edge

N -

2 = # functions f : [M]- [X]
.

or an arc
-

If there are only blocks of size 2,
= (# fi(n)- /x then it is called a perfect matching

--

with celts
in ( for complete /I S
-

the image of f ex
, - :

2 edges
- : I fixed pt.-

⑧ wo ⒗

I 2 345- (k)(x)a -

- perfect
· o - E- matching .

12 34 5 6



Pop # complete matchings on (2n) - (2n-D (2n-3) ... 3-1
.

is (2n- !! = 1 . 3 . 5 ..... (en-1) .

#matchings on [n]

- (a) (2k !1

Pf)
.
&

a
E # - -

C C

12 ... 2n

#ways to connect en=
ex-1

with an integer

# ways to connect max remaining

integer = 2n-3

:


