
$3 .4 .
Permutations ex) . IE 63 , TH) = 2

Delt A portation on (n]= 21 , . . .
.
n4 ↑(2) = 3

T(3) = 1
is a bijection it : (n)+(n) ·

I= #, T s = 23 1
The icgroup G in thegroup- (1 ? )of permutations on [n]

with multiplication ↑W := 00 T=T= (B22) = 312

composition
of fas . A gle of it is a sequence (9, ...,ak)

(45)(i) = + (5)i)) of distinct elts such that
We will write (a1) = A2

,

I =

AIn
, i =(i) x(A2) = A3

one-line notation is

two-line notation T(0k) = 9 1

I
12 ... N

I We consider (a , . . .

., ()
ST=

#, Te ... Ar
= (Aj.... K , 91 , --9j-)



->
length k .

A cycle p
= ca 1. ...AK) is also Ap Let ItOn Su

.

considered as a perm in Sn S.
t .

-
= P .... Pi for some disjoint cycles

p(ai) = ai+1 (Ak+= all . Pr ... k En
.

Moreover, a=T . - Tr , Ti : simple trans .

P(r) = 2 (if rf a , , . ...qx) of Take m= 1
.

Deft A transition is a cycle of m
, (m)

,
Fi(m)

, Tcm), ...

[A]

↳ (i , j)
length 2

.

-> D"(m= it (m) for some i < ;

Astransposition is a cycle of - Ti(m)=m
= 45-i< m)

.

this form (i , itt)
- I smallest >1

,
4 m)= m

.

let = iT.... TrESn ,
t = (i , j) .

- (m ,T(m) , . .

., x"(mil : cycle oft .

↑ I

x = I ... isti: , ... PlIn

- Repeat with m = min of (n)<P1 .

Ti = i with i & j
interchanged ,

=>

T= P1 . " . OK ,

6 : If # = . . . i .
.

. j ... + (k
= - .. j ... i ....)



I (1
,
it)) =

-
. . it i - --

So we can sort &49 s * a
+ - 12 ... 3

- cycle (n)
=5:

T= e,
... tr ,

ti : Sim .

tr
.

1 - Def) A permutation DESn is

In cycle notation ,
an indation if i= id .

T= P1 ... PK ,

is : disjout
Every involution has cycles of len 1022.cycles .

DeA cycle (a) = #cycles in i .

#

ex
.

= 951826743 =4,
.

bijection between involutions on [n]

& matchings on [n] .

-I' **2 )
=(1 , 9 , 3)(2 , 5) (4,8) (6) (7) * cycle notation
= (1 , 9 , 37 (2 , 5) (4, 83



Dette" of i is a pair

Lem #ESn
,
+=(i) < Sn .

cycle (Tiz) = cycle (+a) in

(icj) such that isj , i>Ij . -
- select

if is in diffcye
inv(i)= #inversions in It . if - same /

5)ex it= < 25 PA suppose , i.j in same cycle.

inversions
:

(1 , 2) , (1 ,4) X
a

... d

& G
:

9
... d

13 , 47 , &=
i

2 (0
,j) ->
-

e
7

↑

/2
inv(a) = 3

. I
↳b

..a .. C

Def) The sign of The Sn is a cycle of It . Pe

sqn(x)= (-1)
inv()

S

sqn(31425) = ( = -1
.

squ (id) = 1
.



I TESn ,
= (i , it)ESn

. cor sam (4) = <qn() syn (0) .

sqn(ie) =- sqn(a) .

Pf) Let += t... tk ,
r= S

-

PA simple -

(
... i it - --

IIt =

: Hitti :
- -squat = (1

,
sqn(r =Gr

inv(te)= inv()11 sqnCtr) = 1)
th

1
.

Lem += <.... Th
,
Ti : sim trans

=> sqn(a)= -11.
Ps
sqn() = squid +,

... ex)

=-sgn (ide,
... Tke)

·

= 1 sqn (i) = H
*

is ,



p TESn
.

Let C: be #cycles of len i .

Sqn(A)= (-/Mv(*)= (1)
-- cycle(a) M= 1 . C

, +2Cet
... + nCh

= 1-1)# evencycles in it Cit ... + (n
= cycle (i) .

-

(M-cycle() = ( +)
<14 ,+222+

... + n(n)
In particular, if i= t.... tk ,

- (4, +-
+ (a)

ti : transposition
= (-)0-4

+ 1-2+ ... +(n-1) an

=

(13
22+ cet ...

= G
even cycles .then san(a)=

.P let = t,...tk ,
ti : simple trans .

I
.

sqn(t)= (-1)k sqn()= sqr(t) ... squitT

Since i= G,.. taid
= ED) ... (H) =Hel*

(1)
Yce(x) = (-1)

Cycle(id)+k

= (-1)n
+k

= H = (1)
n-cycle (1)



Deft thestillingnumber case I

r
0g0of the 1st kind ((n,k) is ->- -#permutations on Ent So 0

with te cycles .

The nit number of the 1st kind c(n-1,k)

is s(n ,k) = (1 acn , k) .
(n+) <(n-1 ,K)

- -

↳
sign of any TESn

Iways to insert n .

with a cycles . Ap (n ,k) ech = <(e) ... (9th-1)

Pop For niky 1 ,

c(n ,
k) = <(n-1 ,

k-)+ (n-1)a(m-1,k) .

Pf) Induction using recursion
.

PA . Let TESn .
cycle()=K

.

case t
-

ne - ((n-,-



EYce(t) = elect ... (ectn+) = x(x) (ect1+1) . .
· (est1+ ... +1)
-

n - 1

bijective py [el+1+ ...
+ 1)

- e
We have an algorithm to construct

# ESn
.

k-1 1
.

Gr ...

e .9 . cCGH GHat)

= x-x-x+late
perm in Siz

add te - create new
+ ...

I ↳e
cle

insect be before i

ki=k1
kx
! in
D↓



S(n ,
k)x= (a)m

.

Matrix equation

PS
cn ,Ga=<(D) - -Gen-)

(s(n ,kin
,
no
/M)mo - (1x n)>o

k=o

2) H -x (S(m,m) ninso(3cm) mo = (x2)mo -

multiply C

Recall
-

Schlein- ein min) (scrD=(scnr(scnca)
=I

=S(n , k) S(k,m) = Om in

(n ,k) Sch ,m) = min


