
Ch4. Combinatorial model Deft 2 : /in ful .

for OPS A seg of polys [Pn/x3no is OPS for I

34
.
1
. Orthogonal polynomials and

If
① deg Pulx) = n ,

Fnxo

3 term recurrence . ② L(Pm(X)PnIx) =0 XmEn
,

K :

a field (or a commutative ving
③ 2(PuIY to Fuxo .

if division is not used .) We also say [PnIYuso is OPS for 9MnYuxo
K[x] = ring of polys in ec and Mr is moment of ops [PuIxYnx,0.

with coets
in

K
.

A bunction is a linearmap IK can be any field .

2 : K(x] + K
. sometimes such Ops is called

i. e . 2[afex + bg(x)) = a L(fex)) general ops or

+6 e19(X)) . formal ops . ) .

The ith ment of I
is

Mm= 2(x2)
,



p Suppose [Pn(xYnxo is ops for 2 .
Im 2 Pn(nxo is OPS for 2

.

① [Pn(XYn is ODS for 2 at -> I (bninso
,
ExnTuxe such that

(a=0) In FO and

② I is uniquely determined # Pn(x) = (x-bu2Pnx)-XnPn-CX) Enjo

up to scalar multiplication .

P1(X)=0 , P. (X)=1 .

③ SanPuLXYngo is ODS for L

FanEO
. Ihm (Favard's thm)

.

From now on we always assume . If 2 PnxYnxo satisfies *

① deg Pu(x) = n then it is Ops for some 1 .

② 2(1) = 1
Goal : Find combinatorial models for

③ PuLx) is monic .

Pux and Mn .

And prove Favard's thi
.



$4.2 .

A model for Op using ixm board : I no
Favard tilings .

ex .
m
= 8

Deft . Atiling of size i

is a filing of a 1xm square board+15
with 3 types of tiles :

·

-xx -b -byxx -by
① red monomine A
② black II A w+ = xb3bybxX
③ black domino i

FTn= setof all avard tilings
Im Suppose &Puli] satisfies

of size M .

Pn+(x) = (x-but Pax) - XnPn-X Enjo

Fa TCFTn
,
define P1(X)=0 , P. (X)=1 .

wt (i) = i wH(A)
,

=> PnIX) = 2 whit
AtT TEFTn

wt(7) = x PS Easy by induction .
at (ET) = - bi
ut ( ) = - Xi .



↳ I WHITidea
TEFTn
-

M... (ne
-batt

Pn+(X)

In-zMy...
--

-Xn-
Pr-z(x)

M... Inclu
-

PaCX) .

=> I w+= (X-bn+) Pati CX)
TCFTn

- xn+Paz (x3 J



$4
.3

.

How to find a combinatorial 0-1(P,(X)= 2(x-b)
=

M1 - bo

model for moments
.

=>

Mi
= bu

.

-

Note
-

: Mr= 2(X) is important 0
= h(P2(x) = M2-(botbi)M , +bob , -1

because they determine 1 .

-> Me-(botbi)bo-bob ,+ is
Suppose [Pn(Enso is OPS for 1 . = b5+x

Ther(Pr(x) = GO
if =1 Ms= h+zbox+biX

Il 1 If n=0 M4= bot 36 x1+2 bob, 1 , +bix

(: 22Pn(xPo(X)) = On
,07 .

+ +X , X2

Pn+(X) = (x-bulPax) - XnPn-CX Enjo My= ...

Po(X) =1

P, (X)
= e- bo

Pc(x) = (X-bi) P, -X , Po

= (X-bi)(X-bo) -x = bobs-A



If there is a nice combinatorial 1 , 1 , 2,4 , 9 ,21 , 51 , 1217, 323, ...

model for Mn , we can hope https ://oeis . com

Mn=
+ (a) ess if bi =xi=1

un=1Motal .

where tit is a monomial
in bis , Xi's

let's put bi =xi=1 .

=> Mn=1An) .
In the case bi= xi=1

Mo= 1 Ms
=4

Mi = 1 N5
=

9

Mr
= 2

, -



bo

Mi
= bu

.

-->
...............

Me
= bi+x ·bal i · -

Ms= h+zbox+biX
bi Xi

1

·b . -
by N N e

.9 .

3

X I

- bo

i)
"

X

Es ·
-

ze
M4= bot 36 x1+2 bob, 1 , +bix

---

+ +X , X2 ↳ bibxixexs
.

Deft , Let is be a Motzkin path ,

Ihm
Un=xot

,

+(*) :

Define w()= i WHISY
SiStop
of

where



Def . [PnIYnxo is ORS for 1 . Th
-

For m , r, so ,
the merments Mirs= I wt(a)

Mn,rs , Muck of this OPS by TEMot (10 , 27+ (n , s)]

Mirs-modei ne isMn ,k=Mu ,o ,k=

U

Nate
-

Mn=Mn , 0 ,0
=Mn , 0


